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Abstract. This study focuses on searching for pairs of orthogonal diag-
onal Latin squares of order 10. Consider a cells mapping in accordance
to which one diagonal Latin square is mapped to another one. Given a
certain cells mapping schema, the problem is to find a pair of orthogonal
diagonal Latin squares of order 10 such that they match the schema (or
to prove that such a pair does not exist). The problem is reduced to
the Boolean satisfiability problem (SAT). Three mapping schemes are
considered, and for each of them a SAT instance is constructed. If a
satisfying assignment is found for an instance, the corresponding pair of
orthogonal Latin squares can be easily extracted from it. The Cube-and-
Conquer approach is used to solve the instances. The cubing phase is
performed on a sequential look-ahead SAT solver, while on the conquer
phase an experiment in a BOINC-based volunteer computing project is
launched. In the experiment, for two out of three schemes orthogonal
pairs are found.
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1 Introduction

Volunteer computing [1] is a type of distributed computing that uses resources
owned by private persons. Alternatively, volunteer computing can be considered
as a type of desktop grid computing [2]. Volunteer computing is a quite cheap
and natural approach to solving computationally hard problems that can be
decomposed into independent subproblems. Such problems appear, for example,
in astronomy, medicine, cryptography, and combinatorics. During the last two
decades, a number of important and challenging problems from these areas were
successfully solved in volunteer computing projects. Most of such projects are



based on BOINC (Berkeley Open Infrastructure for Network Computing [3]).
Note, that BOINC is quite flexible and can be also used to create enterprise
desktop grids (see e.g. [4]). Though launching and maintaining a BOINC-based
volunteer computing project is not an easy task, if its team cope with that and
also take into account volunteers’ feedback, the project can attract significant
computational resources [5].

Latin square is a very simple yet important combinatorial design [6]. One
of the most well-studied property between two Latin squares is orthogonality.
Many theoretical and practical problems (e.g. from cryptography and coding
theory) can be reduced to finding systems of orthogonal Latin squares. One of
the most well-known open mathematical problem is to determine the existence
of a triple of mutually orthogonal Latin squares of order 10.

Though as a rule “pure” combinatorial algorithms are applied for finding
systems of orthogonal Latin squares (see e.g. [7,8]), it is also possible to re-
duce these problems to the Boolean satisfiability problem (SAT [9]). Despite
significant recent progress in complete SAT solving algorithms [10,11], even the
best SAT solvers can (sometimes) show competitive results only if there are few
to no solutions in the considered problem related to orthogonal Latin squares.
It means that the corresponding SAT instance has only few satisfying assign-
ments or it is unsatisfiable, respectively. Note that even in this case such SAT
instances in practice are very hard, that is why distributed algorithms are cru-
cial to deal with them. Recently, Cube-and-Conquer has showed itself as a very
powerful distributed SAT solving algorithm [12]. In this study, a BOINC-based
Cube-and-Conquer SAT solver is implemented and applied to finding orthogonal
diagonal Latin squares.

A brief outline of the paper is as follows. In Section 2, preliminary information
regarding orthogonal diagonal Latin squares is given. Section 3 describes how
cells mapping can be used to find orthogonal (diagonal) Latin squares. In Section
4 the cells mapping approach is reduced to SAT, and several cells mapping
schemes are investigated via the BOINC-based Cube-and-Conquer SAT solver.
Finally, related works are discussed and conclusions are drawn.

2 Orthogonal Diagonal Latin Squares

A Latin square of order N is a square table N×N filled with N different symbols
(e.g. 0, . . . , N − 1) in such a way, that all symbols within a single row or single
column are distinct [6]. A diagonal Latin square is a Latin square in which all
symbols in both main diagonal and anti-diagonal are distinct. A transversal of
a Latin square of order N is a set of N entries, one selected from each row and
each column such that no two entries contain the same symbol.

All Latin squares can be divided into isotopy classes such that any Latin
square from an isotopy class can be produced from any other Latin square from
the same class by permuting rows, columns, or symbols names. Isotopism is an
equivalence relation. Another equivalence relation on the set of Latin squares is
main class isotopism. The corresponding classes are called main classes. Each



such class contains up to six isotopy classes. Latin square that is a lexicograph-
ically minimal representative of a main class is called a canonical form.

Two Latin squares A = (aij), B = (bij) of order N are orthogonal if all
ordered pairs (aij , bij), 0 ≤ i, j ≤ N−1 are distinct. A set of Latin squares of the
same order, all pairs of which are orthogonal, is called a set of mutually orthogonal
Latin squares (MOLS). For diagonal Latin squares, MODLS is defined similarly.
MODLS are quite rare compared to MOLS. The first pair of MODLS of order
10 was presented in [13].

As a rule, searching for an orthogonal mate for a given Latin square A of
order N is performed via the Euler-Parker method (see e.g. [14]). According
to this method, the orthogonal mate can be easily constructed from a set of
N disjoint transversals of A, so the goal is to find such a set. It should be
noted, that searching for disjoint transversals is the most time-consuming part
of the Euler-Parker method. In [15] the problem of searching for a set of N
disjoint diagonal transversals (required for finding MODLS) was reduced to the
exact cover problem that in turn was solved by DLX, an implementation of the
Algorithm X [16].

Self-orthogonal Latin square (SOLS) denotes a Latin square that is orthogo-
nal to its transpose (see e.g. [17]). It gives another approach for finding MOLS.
For diagonal Latin squares, SODLS is defined similarly. Enhanced self-orthogonal
diagonal Latin square (ESODLS) denotes a diagonal Latin square that is orthog-
onal to some diagonal Latin square from the same main class [18]. It is clear that
ESODLS is a generalisation of SODLS and can be also used to find MODLS
without dealing with transversals.

It is also possible to reduce finding MOLS or MODLS to Integer Program-
ming [19,20], Constraint Programming [19,20], or SAT [9,21]. The resulted in-
stances are solved via solvers from the corresponding areas, and then the solution
of the original problem is constructed. In the present paper, the SAT approach
is employed for finding new pairs of MODLS of order 10.

3 Finding Orthogonal Latin Squares via Cells Mapping
Schemes

In this section, cells mapping schemes for Latin squares are proposed, then such
schemes for ESODLS are described, and finally a search for ESODLS cells map-
ping schemes of order 10 is discussed.

3.1 Cells Mapping Schema

Consider two Latin squares A and B of order N . Assume that in both squares
cells are numerated from 0 to N2 − 1 (left-to-right, top-to-bottom), and A[i]
denotes value of i-th cell, 0 ≤ i ≤ N2 − 1 (similarly for B). A cells mapping
schema (CMS) for an ordered pair of squares (A,B) is a permutation p of N2

integer numbers 0, . . . , N2−1 such that p[i] = j, 0 ≤ i, j ≤ N2−1 iff A[i] = B[j].
Therefore p shows how cells of A can be mapped onto cells of B. This fact



is denoted as p(A) = B. Note, that any CMS for order N can be naturally
represented not only as a permutation of size N2, but also as a N × N table.
A pair of Latin squares A and B matches a CMS (or, interchangeably, CMS
matches the pair of Latin squares) if A can be mapped onto B via the CMS.

Example 1. CMS

(0, 5, 10, 15, 4, 1, 14, 11, 8, 13, 2, 7, 12, 9, 6, 3).

is equal to 
0 5 10 15
4 1 14 11
8 13 2 7
12 9 6 3

 .

The following pair of Latin squares matches the CMS:

A =


0 2 3 1
3 1 0 2
1 3 2 0
2 0 1 3

 , B =


0 1 2 3
3 2 1 0
1 0 3 2
2 3 0 1


It should be noted that for some CMS enormous number of pairs of Latin

squares can be matched, while for others no such pairs can be matched at all. In
the above example two Latin squares are orthogonal. An example of the CMS
with no matched MOLS is a trivial CMS, i.e. such a CMS p that p[i] = i, 0 ≤
i ≤ N2 − 1. For N > 1, a trivial CMS does not give an orthogonal mate since
it maps a Latin square to itself (if N = 1, the single existing Latin square is
orthogonal to itself).

It is clear that there are (N2)! different CMS for order N . A fixed point in
a CMS p is such a number i that p[i] = i (see e.g. [22]). Note, that for order
N a trivial CMS has N2 fixed points. It can be shown that if a CMS matches
some pair of MOLS, then the CMS has at most N fixed points. It follows from
the fact that for order N there are only N different variants of fixed points:
(0, 0), (1, 1), . . . , (N −1, N −1). Therefore if there are more than N fixed points,
then at least one of these pairs of symbols will occur more than once, thus
violating the orthogonality condition.

Given an arbitrary pair of MOLS A and B, a CMS p can be extracted from
it. For this purpose it is required to find such cells with numbers i1 and i2, for
which A[i1] = v1, B[i1] = v2, A[i2] = v2, B[i2] = v1, p[i1] = i2, p[i2] = i1. Such
CMS are the simplest ones that match some MOLS; in each such CMS there
are N 1-cycles and N2 −N 2-cycles. These CMS are called canonical. It can be
shown that if two Latin squares A and B are orthogonal, and a canonical CMS
maps A onto B, then the CMS also maps B onto A. This fact is denoted by
p(A) = B, p(B) = A.



3.2 ESODLS CMS

CMS can be naturally connected with SODLS (see Section 2).

Example 2. Consider a SODLS of order 4 with cells numerated as follows:
0 1 2 3
4 5 6 7
8 9 10 11
12 13 14 15

 .

The corresponding CMS in the form of a 4× 4 table is
0 4 8 12
1 5 9 13
2 6 10 14
3 7 11 15


The same CMS in the form of a permutation is

(0, 4, 8, 12, 1, 5, 9, 13, 2, 6, 10, 14, 3, 7, 11, 15).

CMS can also be connected with ESODLS (see Section 2). By applying to a
trivial CMS all possible equivalent transformations, which are used to construct
a main class of diagonal Latin squares given any its representative [23], a set of
CMS is obtained that is called a set of ESODLS CMS. The number of ESODLS
CMS for order N is equal to the maximal size of main classes of diagonal Latin
squares of order N with the fixed first row, see sequence A2997845 in the online
encyclopedia of integer sequences (OEIS) [24]. For order 10, there are 15 360
ESODLS CMS.

Orthogonality cycle of length k is such a set of Latin squares {L1, . . . , Lk}
that Li is orthogonal to Li+1 for 1 ≤ i ≤ k − 1, and finally Lk is orthogonal
to L1. It is clear that a canonical CMS gives an orthogonal cycle of length 2.
At the present moment, only orthogonal cycles of length 2 and 4 are known for
diagonal Latin squares of order 10 [25].

Some ESODLS CMS are not canonical, but they also can have matching
pairs of MODLS. For example, during the search for MODLS of order 10 in
neighbourhoods of generalised symmetries, 2 orthogonal cycles of length 4 were
found [26]. In each of these orthogonal cycles diagonal Latin squares are ob-
tained from each other by applying one of two ESODLS CMS: one direction for
one CMS. Figure 1 shows these orthogonal cycles. Each ESODLS CMS from
the figure has 25 4-cycles, so they are not canonical. It can be shown that a
consequent applying of a CMS forms an orthogonal cycle of length equal to least
common multiple of cycles lengths in the CMS. Theoretically, for order 10 from
some ESODLS CMS (e.g. with 10 1-cycles and 30 3-cycles) it would be possible
to obtain an orthogonal cycle of length 3, i.e. a triple of MODLS of order 10.

5 https://oeis.org/A299784



Fig. 1. An example of an orthogonal cycle of four diagonal Latin squares (DLS) and
two CMS. DLS stands for diagonal Latin square.

Two CMS from the figure are as follows:

CMS3407 =



9 69 19 59 29 79 49 89 39 99
3 63 13 53 23 73 43 83 33 93
8 68 18 58 28 78 48 88 38 98
4 64 14 54 24 74 44 84 34 94
7 67 17 57 27 77 47 87 37 97
2 62 12 52 22 72 42 82 32 92
5 65 15 55 25 75 45 85 35 95
1 61 11 51 21 71 41 81 31 91
6 66 16 56 26 76 46 86 36 96
0 60 10 50 20 70 40 80 30 90


,



CMS4951 = CMS−13407 =



90 70 50 10 30 60 80 40 20 0
92 72 52 12 32 62 82 42 22 2
94 74 54 14 34 64 84 44 24 4
98 78 58 18 38 68 88 48 28 8
96 76 56 16 36 66 86 46 26 6
93 73 53 13 33 63 83 43 23 3
91 71 51 11 31 61 81 41 21 1
95 75 55 15 35 65 85 45 25 5
97 77 57 17 37 67 87 47 27 7
99 79 59 19 39 69 89 49 29 9


.

For (non-diagonal) Latin squares ESOLS CMS can be constructed similarly,
but their number will likely be much higher than that for diagonal Latin squares.
In the volunteer computing project RakeSearch [27], pairs of MODLS were found
based on permutation of rows. In fact these pairs are ESOLS by not ESODLS,
because the corresponding canonical forms of Latin squares coincide, but the
canonical forms of diagonal Latin squares can differ.

ESODLS CMS are close to generalised symmetries/automorphisms of di-
agonal Latin squares. Each of them gives some transformation F that maps
cells (i, j) −→ (i′, j′). In case of generalised symmetries, cells of a diagonal Latin
square A with symmetry are mapped onto themselves: f(A) = A (case 1), while
orthogonal diagonal Latin squares are found by the Euler-Parker method. For
ESODLS CMS f(A) = B, f(B) = A (case 2), where A and B are orthogonal
diagonal Latin squares from the same main class.

3.3 Search for ESODLS CMS of Order 10

Given a CMS, it is possible to construct all matching pairs of MOLS by the
depth-first search. Note, that transversals are not required in this case. For some
CMS all matching pairs of MOLS can be found in few seconds, yet for other ones
the search can take days. The runtime can be significantly reduced via the usage
of a dedicated implementation with bit arithmetic and nested loops (see e.g.
[28]). One more further step is a GPU-implementation. For ESODLS CMS the
runtime (and the number of matching orthogonal pairs) is usually several orders
of magnitude higher than that for an arbitrary CMS. Note that a CMS can be
obtained randomly or from known pairs of MOLS.

For about four thousand ESODLS CMS (out of 15 360) of order 10, all match-
ing pairs of MODLS of order 10 can be found quite fast on a computer via the
depth-first search. To find all pairs of MODLS for other ESODLS CMS, in the
volunteer computing project Gerasim@Home [29] a computational experiment
was launched. For each CMS, workunits (computational tasks in a volunteer
computing project) were formed as follows: values of two cells of the first di-
agonal Latin square were chosen randomly such that they did not violate the
constraints. As a result, values of two corresponding cells (set by the CMS) of the
second diagonal Latin square were assigned automatically. Then on a volunteer



computer values of other CMS cells (98 out of 100) were filled via the depth-first
search algorithm mentioned above. It turned out, that some workunits can be
processed very fast, but for others the runtime can be extremely high. That is
why a time limit of 10 hours was set for workunits. When the time limit was
reached, all pairs of MODLS found so far (if any) were saved and returned to
the server. It turned out, that for none of the studied CMS all workunits could
be processed within the time limit. In the future it might be possible to reduce
the search spaces without decreasing the number of solutions. As a result of the
experiment, 33 240 canonical forms of ESODLS of order 10 were found. This
allowed setting a new lower bound a(10) ≥ 33 240 in OEIS sequence A3092106.

4 Finding MODLS via CMS, Cube-and-Conquer, and
BOINC

This section studies three ESODLS CMS of order 10, for which no pairs of
MODLS were found in the experiment described in Subsection 3.3. In particular,
CMS3407 and CMS4951 from Subsection 3.2 were taken, and also the following
CMS:

CMS1234 =



27 26 21 25 29 20 24 28 23 22
37 36 31 35 39 30 34 38 33 32
87 86 81 85 89 80 84 88 83 82
47 46 41 45 49 40 44 48 43 42
7 6 1 5 9 0 4 8 3 2
97 96 91 95 99 90 94 98 93 92
57 56 51 55 59 50 54 58 53 52
17 16 11 15 19 10 14 18 13 12
67 66 61 65 69 60 64 68 63 62
77 76 71 75 79 70 74 78 73 72


.

The problems of finding pairs of MODLS of order 10 that match these ES-
ODLS CMS were reduced to SAT. In its decision version SAT is formulated
as follows: for an arbitrary Boolean formula to determine if it is satisfiable or
not [9]. SAT is historically the first NP-complete problem, thus it is possible
to effectively reduce plenty of known problems to it. In the last three decades,
SAT solvers have become very effective, that is why nowadays both practical
and theoretical problems from various ares are reduced to SAT and solved by
SAT solvers. In practice a Boolean formula is usually represented in Conjunctive
Normal Form (CNF) that is a conjunction of disjunctions (clauses). If a SAT
instance is way too hard for a sequential solver, then parallel (multithreaded) or
distributed solvers can be applied to it [30].

In the remaining of the section, a SAT encoding for the considered problems
is discussed, then the experimental results obtained via a Cube-and-Conquer
SAT solver in a volunteer computing project are presented.

6 https://oeis.org/A309210



4.1 SAT Encoding

Consider the following problem: given a CMS of order N to find a pair of MODLS
of order N that matches this CMS, or to prove that no such pair exists. First,
the SAT encoding for finding a pair of MODLS from [31] was taken for this
purpose. Briefly, the encoding is as follows: each of two diagonal Latin square
of order N is represented as an N × N × N incidence cube where dimensions
are identified with the rows, columns, and the symbols. A cell with coordinates
(i, j, k), 0 ≤ i, j, k ≤ N − 1 contains 1 iff the cell (i, j) of the Latin square
contains k, 0 otherwise. It is clear that if any two coordinates in the incidence
cube are fixed, then the remaining “line” contains exactly one 1. Every cube cell
is naturally encoded by one Boolean variable, so each diagonal Latin square of
order N is encoded by N3 Boolean variables. A similar approach can be found
e.g. in [32].

Two groups of clauses are added to the CNF: the first one reflects the diagonal
Latin square conditions, while the second one reflects the orthogonality condi-
tions. Clauses from the first group contain only variables of the corresponding
square, while clauses of the second group contain variables from both squares.
The so-called naive encoding of the orthogonality condition was used, for details
see [31]. For order 10 the corresponding CNF consists of 2 000 variables and
434 440 clauses. Recall that this CNF encodes the problem of finding a pair of
MODLS of order 10.

The described base CNF can be quite naturally used for constructing a CNF
that encodes finding pairs of MODLS of order 10, which match a given CMS.
Assume that due to CMS (see Subsection 3.1) some cell of the first square must
be equal to a certain cell of the second square. Recall that each square cell is
encoded by N Boolean variables, so it is needed to encode the fact that two
corresponding Boolean arrays of size N are equal. Since the equality of two
Boolean variables x, y is encoded by two clauses (x∨¬y)∧ (¬x∨ y), 2N clauses
are needed to encode equality of two Boolean arrays of size N . Since CMS has N2

entries, 2N3 clauses are required in total to reflect the CMS conditions. Taking
this into account, three CNFs were constructed by adding to the base CNF 2 000
2-literal clauses, which correspond to three considered CMS. It means that each
of three CNF consisted of 2 000 variables and 436 440 clauses.

It is known that the first row in the first diagonal Latin square can be fixed in
ascending order 0, . . . , N − 1 without reducing the amount of the corresponding
pairs of MODLS. This was reflected by adding 10 one-literal clauses, so finally
each of three CNF consisted of 2 000 variables and 436 450 clauses.

4.2 Solving in RakeSearch via Cube-and-Conquer

All three constructed CNFs turned out to be too hard for sequential SAT solvers,
that is why Cube-and-Conquer [12] was applied to them. Its parallelisation strat-
egy is a variant of Divide-and-Conquer. According to Cube-and-Conquer, on the
cubing phase a look-ahead SAT solver [11] is launched on a CNF and splits



the problem into cubes. On the conquer phase a simplified subproblem is con-
structed based on each cube, then these subproblems are solved via a Conflict-
driven clause learning (CDCL) SAT solver [10]. Since cubes can be processed
independently, the conquer phase can be easily parallelised.

It is usually crucial to minimise a CNF before launching a look-ahead solver.
All three CNFs were minimised via the CaDiCaL CDCL solver [33] of version
1.3.0. In particular, this solver was launched in the minimisation mode for 1
minute on a personal computer on each CNF. The minimised CNFs (which
encode exactly the same problems) had the same number of variables, but much
less clauses — about 152-155 thousand instead of 436 thousand.

On the first stage, the March cu look-ahead solver [34] was launched on
the minimised CNFs on a computer. The splitting parameter n was equal to
580, that value was chosen in accordance with preliminary experiments. As a
result, 5 506 614, 5 507 514, and 4 144 254 cubes were generated for CMS3407,
CMS4951, and CMS1234, respectively. To exclude simple cubes, the kissat [33]
CDCL solver of version sc2020 was launched on them with the time limit of
5 seconds. This experiment was held on a supercomputer. It turned out, that
2 265 747, 2 660 949, and 2 359 952 cubes were not processed within the time
limit, respectively. To process these 7 286 648 cubes, a BOINC-based volunteer
computing project RakeSearch [27] was used as an umbrella project, i.e. as a
project that can solve problems posted by various scientific teams, see e.g. [35].
7 286 648 cubes were divided into 364 334 workunits (at most 20 cubes in each).

As a computing application, a modification of the Minisat [36] CDCL solver
of version 2.2 was used. This solver had already been used earlier as a base of
a similar computing application [29], so it was quite easy to implement a new
computing application on top of it. Four versions of the computing application
were implemented: Windows x86, Windows x64, Linux x86, and Linux x64. For
each cube the limit of 5000 Minisat restarts was set, that roughly corresponds
to about 3 minutes runtime on one core of a modern desktop CPU.

The experiment started on 20 July 2020 and ended on 9 September 2020.
In total, 1 611 computers of 625 volunteers took part in it. Finally, all 364 334
workunits were processed successfully. Processing of almost all cubes was inter-
rupted due to the restart limit, but on 29 of them satisfying assignments were
found. As a result, 18 pairs of MODLS of order 10 were found for CMS3407 and
11 ones for CMS4951. The first found pair for CMS3407 is:

0 1 2 3 4 5 6 7 8 9
5 6 7 9 2 0 4 8 3 1
9 8 1 7 5 6 0 2 4 3
6 3 5 2 0 9 1 4 7 8
1 0 6 4 8 7 3 9 2 5
2 4 8 5 6 3 9 0 1 7
4 2 9 0 3 8 7 1 5 6
3 9 4 8 7 1 2 5 6 0
7 5 0 6 1 4 8 3 9 2
8 7 3 1 9 2 5 6 0 4





8 3 2 5 6 4 7 1 9 0
3 4 8 7 5 9 0 6 1 2
9 7 6 2 0 3 1 8 5 4
0 6 1 3 7 5 9 2 4 8
5 2 9 4 1 7 8 3 0 6
1 8 5 9 2 0 6 4 7 3
7 9 4 6 3 2 5 0 8 1
2 1 3 0 9 8 4 7 6 5
6 5 0 8 4 1 3 9 2 7
4 0 7 1 8 6 2 5 3 9


.



The first pair for CMS4951 is:

0 1 2 3 4 5 6 7 8 9
3 6 9 5 7 2 1 0 4 8
5 0 8 6 3 9 2 1 7 4
6 2 4 1 5 3 8 9 0 7
9 4 5 8 2 7 0 6 3 1
1 9 7 2 6 4 3 8 5 0
4 3 6 0 9 8 7 2 1 5
7 8 3 4 1 0 9 5 2 6
8 5 1 7 0 6 4 3 9 2
2 7 0 9 8 1 5 4 6 3





9 5 8 0 4 6 1 2 7 3
3 0 5 2 6 4 8 7 1 9
8 1 4 5 7 2 3 9 0 6
4 9 7 6 3 1 2 0 5 8
7 2 0 8 1 5 6 3 9 4
2 6 9 7 8 3 5 1 4 0
5 8 2 4 9 0 7 6 3 1
1 3 6 9 0 8 4 5 2 7
6 7 1 3 2 9 0 4 8 5
0 4 3 1 5 7 9 8 6 2


.

As for CMS1234, processing of all corresponding cubes was interrupted due
to the restart limit, so at the moment it is still unclear whether any pair of
MODLS matches this CMS.

It turned out that all found pairs are isomorphic to known pairs that were
found earlier in the neighborhoods for generalized symmetries (see [26]). Never-
theless, the results show that Cube-and-Conquer is able to cope with the con-
sidered combinatorial problem. All found pairs, corresponding CNFs, as well as
sources of the CNF generator, workunit generator, and computing application
can be found online7.

5 Related Works

A number of distributed Cube-and-Conquer solvers are known: aimed at BOINC-
based enterprise desktop grid computing [37]; aimed at cluster and cloud comput-
ing [38]. Recently, Cube-and-Conquer was used for solving various combinatorial
problems, e.g. the Boolean Pythagorean triples problem [39] and Lam’s problem
[40].

A parallel tree search was implemented in the volunteer computing project
yoyo@home [41]. In [42] the Branch-and-Bound method was implemented in an
enterprise BOINC-based desktop grid.

In the volunteer computing project SAT@home [29], pairs of MODLS of
order 10 were found by a Divide-and-Conquer SAT solver. In opposite to Cube-
and-Conquer, in this solver cubes are generated by a black-box optimization
algorithm that employs the Monte Carlo method [43]. In some experiments,
SAT@home was used in combination with computing clusters [44].

The volunteer computing project Gerasim@Home [29] was used to enumerate
diagonal Latin squares of order 9 [45]. At the present moment, this project
searches for canonical forms of diagonal Latin squares or order 10 [25]. In the
volunteer computing project RakeSearch, an ensemble of orthogonality graphs
for the set of all diagonal Latin squares of order 9 was constructed [27]. This
ensemble was based on pairs of MODLS of order 9, found via row permuting
techniques.

7 https://github.com/Nauchnik/SAT-at-home/tree/master/src boinc satcmsdls



6 Conclusions

The present paper proposes a new approach for finding pairs of orthogonal Latin
squares. It also describes the first distributed Cube-and-Conquer SAT solver
aimed at volunteer computing. The solver was applied to hard SAT instances,
which encode the problem of finding pairs of orthogonal diagonal Latin squares
of order 10 via the proposed approach. A computational experiment in a BOINC-
based volunteer computing project made it possible to find the sought pairs.

In the future we are planning to try other look-ahead SAT solvers in the
cubing phase and modern CDCL SAT solvers in the conquer phase. Also we are
planning to perform more detailed comparison of the SAT solver with combina-
torial algorithms on the considered problems.

Acknowledgements. Authors thank all RakeSearch and Gerasim@home vol-
unteers, whose computers took part in the experiments. Oleg Zaikin was sup-
ported by EPSRC grant EP/S015523/1.
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